intuitive gambling interpretation. We then derive moment formulae for the case when they are deterministic. Applied to a generic market quantity, the resulting risk interface features the familiar Black-Scholes handle on the variance of the underlying, along with "higher-order" analogues which capture departures from lognormality while retaining the look and feel of the original quantity. We provide snapshot implied values for the S&P 500 index options market.
j -TH ORDER VOLATILITY
We begin by considering a general adapted process ( ) t X on a filtered probability Consider an agreement by which two parties undertake to exchange the amount ( ) δ j tt XX , as yet unknown but to be revealed imminently, and a predetermined amount which we tentatively write in the form () δ Σ× , j jt t . We suppose that both parties are in possession of the information F t , and that given this information, the agreement is a fair gamble under the probability measure Q , by which we mean: 
MOMENTS
Now in the general case the volatilities we have defined are stochastic. In the appendix we show that when the finite-period volatilities of orders one to n exist and are deterministic, the n -th conditional moment of the process can be obtained as: 
where the σ j , which are assumed to exist, are defined via:
, again with the convention that σ j is nonnegative when j is even. We shall refer to σ j as j -th order average volatility. 3 We emphasise here that we have not established that deterministic instantaneous volatilities imply (2) in and of themselves. However, since the upper bound Δ in the above argument can be chosen arbitrarily small, this would seem to be more of a technical than a conceptual issue.
It is clear from (2) that the n -th moment of the process at time t is fully determined by the average volatilities of orders one to n . Thus, first-order volatility σ 1 determines the first moment, and we may take the view that given σ 1 , second-order volatility σ 2 governs the second moment, and so on. It is also apparent that if σ = 0 
AN IMPLEMENTATION
We now take Q to be an equivalent martingale measure, ( ) F t to be the market information structure, and ( ) t X to be an adapted market process. For expediency we limit ourselves to the basic equity setting, with t X as the price at time t of a stock or index, with the money-market account as numeraire, and with the instantaneous dividend yield and riskless rate of interest both deterministic. In this context, it is easily verified that first-order volatility σ 1,t equals the instantaneous cost of carry, which is itself deterministic.
In what follows, we shall treat the volatilities exclusively as attributes of the market measure, to be implied from a set of option prices, rather than as inputs to a pricing scheme. We begin with the assumption that the volatilities of orders two through n are deterministic as per the previous section, and thus that the first n moments have the form (2) (no assumption is necessary regarding higher orders). Note here that the first two model moments are now identical to those of the Black-Scholes model, with second-order volatility in the role of Black-Scholes volatility. We then propose to substitute a known distribution in place of the unknown one, fit it to the option prices, and compute the volatilities from the fitted statistics. For this it will prove convenient to use the canonical Merton (1976) jump-diffusion, which offers both a ready-to-use pricing capability and a reasonably good fit to market prices.
Under the cost-of-carry parameterisation of Bates (1991) 
where b is the instantaneous cost of carry. For convenience we recall the Merton (1973) version of the Black-Scholes formula for the price at time t of a plain vanilla option:
with:
where K is the exercise price, r is the rate of interest, τ is the time to expiration, ν is the volatility, N ⋅ is the standard normal distribution function, and ε equals one for a call option, negative one for a put. The price of the same option under the jump-diffusion can then be written: 
AN EXAMPLE
For an example we turn to the S&P 500 (European-exercise) index options from Figure 1 shows the market price data in the form of implied Black-Scholes volatilities (computed with the cost of carry from table 1), and figure 2 plots the implied average volatilities as per table 2.
Four aspects of these results stand out. The first is that the volatility estimates of orders one and two are broadly as expected, given that they correspond respectively to the cost of carry and to the Black-Scholes volatility. 6 A second feature is that the two higher-order volatilities show themselves to be of the same order of magnitude as second-order volatility, making good on their initial promise. In absolute value, all three are within a two-percent range at the 18-week mark. A third feature is that third-order volatility is markedly negative, which is to be expected since equity indices tend to drop more sharply than they rise. Fourth and finally, the third and fourth-order volatility estimates show a marked expiration dependence, with sharply lower absolute values at the short end compared with the long one. On this feature we limit ourselves to two comments. First, our assumption that the volatilities are deterministic is clearly counterfactual, and should be expected to result in parameter bias. This is the unhappy lot of most financial models. However, as our second comment we ask whether it is reasonable to expect perfect rationality from derivatives markets. For example, the writing of short-dated, out-of-the-money vanilla options is an ordinarily profitable operation, which could lead some participants to take chances, wittingly or not, for comparatively less remuneration than is demanded at longer expirations. This kind of misjudgement is all the more plausible in the absence of suitable risk metrics beyond those measuring and pricing ordinary market variability.
CONCLUSION
We have introduced a set of risk measures which translate and convey the information in option market prices in a new way. Whether skew and smile exposures can be managed effectively via these quantities remains to be seen. The primary function that is envisaged for them is as an alternative to implied volatility surfaces for the monitoring of market conditions. This risk interface is suitable for other products besides equity derivatives. It applies in a straightforward way to foreign exchange options, as well as interest-rate caplets and swaptions, subject to the standard parameterisations and assumptions.
In the implementation of this interface, we have treated the volatilities as attributes of the market measure, and presented snapshot estimates for the first four. A potential next step is to investigate the volatilities as inputs into a pricing scheme. While those of order higher than four can be expected to have an impact on valuations, it could be that for some purposes, they need not be known with precision. A number of models offer enhanced versions of the Black-Scholes formula based on higher-order moments, for example the Edgeworth expansion of Jarrow and Rudd (1982) .
APPENDIX
To establish (1), we note that: ( ) Table 1 Jump-diffusion parameters Weeks to expiration 
